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1 Introduction

The purpose of this paper is to discuss two general theorems concerning
social choice. Classic social choice theory assumes that the individual choices
are “rational” but comes to the conclusion that the social choice cannot
always be rational. We will consider more general forms of individual choice
and also seek stronger conclusions concerning the society’s choice. The two
theorems we discuss are from Shelah (2001) and Kalai (2001b). Their proofs
are quite involved and will not be presented here. The paper will present
the results along with related examples and problems in such a way that will
be accessible to a wide audience. For background on social choice theory see
Fishburn (1973), Peleg (1984) and Sen (1986). For aggregation in a general
framework, see Fishburn and Rubinstein (1986).

Individual choice will be described using choice functions. Thus, given
a set X of N alternatives, a choice function c is a mapping which assigns to
a nonempty subset S of X an element ¢(S) of S. In decision theory we are
mainly concerned with choice functions that are consistent with maximizing
behavior. In other words, there is a linear ordering on the alternatives in
X and ¢(S) is the maximum among the elements of S with respect to this
ordering. We will refer to such choice functions as “rationalizable”.

We will consider general classes of choice functions. These classes are
symmetric, namely they are invariant under permutations of the elements.
Formally, if ¢ is a choice function and 7 is a permutation from X to X,
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define 7(c)(S) = 7 le(m(S)). A class A of choice functions is symmetric if
¢ € A implies that 7(c) € A for every permutation .

We call a class A of choice functions proper if it does not contain all
choice functions. When an economic model leads to a proper class of choice
functions then there exists a testable implication of the model, i.e., there are
choice functions that refute the model. Proper classes of choice functions
can also be referred to as classes with testable implications (compare with
Sprumont (2000)). Of course, the class of rationalizable choice functions is
symmetric and has testable implications when there are three alternatives
or more.

In this paper we consider general classes of choice functions in the context
of social choice theory. In Section 2 we seek an analog of Arrow’s impossibil-
ity theorem when the individual choices are not necessary rationalizable but
belong to a symmetric class of choice function with testable implications. In
Section 3 we examine the testable implications of the social choice obtained
by the aggregation of a large number of individual rationalizable choices.

Given a society with n individuals, a social choice function is a map

¢ = F(ey,c9,...,cy) which assigns to individual choice functions ¢; € A,
1=1,2,...,n, a choice function c¢ for the society which satisfies the following
conditions:

(IRA) (Independence of Rejected Alternatives (IRA)) ¢(S) is a function of
(c1(5), c2(S); - - - en(S))-

(U) (Unanimity) If ¢1(S) = c2(S) = -+ - = ¢,(S) then ¢(S) = c¢1(5).

Independence of Irrelevant Alternatives asserts that c¢(A) can depend
only on the individual choice functions within the set A. Independence of
Rejected Alternatives is a stronger assumption of a similar nature.

2 Arrow’s theorem without rationality

Given a set X of alternatives we will say that a class A of choice functions
defined on non-empty subsets of X satisfies the Arrow property if for every
non-dictatorial social choice function F(cy,...,c,) (n > 1) which satisfies
properties (IRA) and (U) and is defined whenever ¢; € A,i = 1,2,...,n,
there is a way to assign a choice function ¢; € A to every individual ¢ such
that for ¢ = F(c1,¢9,...,cn), ¢ ¢ A.

Conjecture A: Every symmetric class of choice functions with testable
implications on at least four alternatives satisfies the Arrow property.



Conjecture A asserts that if there are some testable implication for the
class A of choice functions described by an economic model, then any non-
dictatorial mechanism for aggregating individual choices must lead to col-
lective choice behavior which is not in \A. In other words, no matter what
the testable implications are for the individual choice, if the social choice
is not dictatorial some of the implications for the individual choices will be
violated for the social choice.

In response to Conjecture A, Shelah (2001) proved a very general result
which we now present.

Assuming Independence of Rejected Alternatives, we can restrict our
attention to classes of choice functions which are defined for subsets of al-
ternatives of fixed cardinality. Let X be a set of m alternatives and let
P (X) be the set of subsets of X of cardinality k. A choice function ¢ on
Py (X) is now a function which assigns to every set S € Py(X) an element
¢(S) in S.

Theorem 2.1 (Shelah (2001)). If 7 < k < |X| — 7, for every proper
symmetric class A of choice functions on Py(X) there does not exist a social
choice function that satisfies the following conditions:

1. The social choice for S depends only on the individual choices for S.
2. If all individuals agree on the choice, then so does the entire society.
3. The choice is non-dictatorial.
4.

The social choice is defined and belongs to A whenever the individual
choices belong to A.

It would be interesting to replace 7’ by '2’ in the statement of Shelah’s
theorem. The case kK = 2 is especially interesting. There exists a proper
class of preference relations (k = 2) on three alternatives for which the
Arrow property is violated. This is the case when the individual choices on
three alternatives are cyclic. Namely, if an individual prefers alternative A
over B and B over C then it follows that C is preferred over A. This class
of preference relations is preserved under majority rule for an arbitrary odd
number of individuals.

3 The chaotic nature of social choice

Next we consider rational individuals and ask whether there are any testable
implications for the class of choice functions that represent the society’s
choice.



Conjecture B: When the individual choices are rationalizable, every
“genuine” and neutral form of social choice leads for large societies to the
full class of choice functions.

By the word “genuine” we (informally) mean that the choice of the so-
ciety is not determined by the choices of a few individuals. For example,
when the society consists of different “types” of individuals, the social choice
function does not distinguish between individuals of the same type and there
are many individuals of each type. Conjecture B asserts that for a large so-
ciety every “genuine” social choice function will lead to all choice functions
and thus not only will the class of choice functions that arise as the soci-
ety’s choices not be rationalizable but in addition there will be no testable
implications for this class.

Conjecture B is supported by a theorem due to McGarvey (1953) which
asserts that for every asymmetric relation R on a finite set of candidates
there is a strict-preferences (linear orders, no ties) voter profile that has
the relation R as its strict simple majority relation. and by a theorem due
to Saari(1989) which asserts that the plurality method for sufficiently large
societies gives rise to every choice function.

A response to Conjecture B using some assumptions on the social choice
was given in Kalai (2001b). The meaning of “genuine” was defined in terms
of the Shapley value. We will consider the special case of k& = 2 which
involves the aggregation of preference relations. A neutral social choice
can be described in terms of a strong simple game defined on the set of
individuals. A winning coalition is a subset S of individuals such that if
every member of S prefers alternative a on alternative b then so does the
society. Neutrality also implies that the game is strong, namely if S is a
winning coalition then the set of individuals not in S is a losing coalition.

Theorem 3.1 (Kalai (2001b)). For every m, there is § = 6(m) such that
if a neutral monotone social choice function is defined on Po(X), |X| =m is
described by a strong simple game G and if the Shapley value of each player
in G is at most §, then the social choice function will lead to all asymmetric
preference relations.

A case in which the Shapley value of each player is small is that in which
the individuals are divided into types, such that the social choice is invariant
under permutations of individuals of the same type. Another case is when
there are “enough” permutations on the individuals for which the simple
strong game is invariant. Being invariant to all permutations would leave
us with only simple majority games (in which case McGarvey’s theorem



applies). However, in order to guarantee that all Shapley values are the
same it is sufficient that every two individuals be indistinguishable which
leads to many additional examples.

Kalai (2001b) also includes general theorems for arbitrary k. For the
general case the Independence of Rejected Alternatives is crucial.

Remark: We could combine the two conjectures and ask what hap-
pens to “genuine” social choice for many individuals when the individual
choices are not rationalizable. There are cases when even for anonymous so-
cial choice on an arbitrarily large number of individuals, there are testable
implications for the social choice. We have already remarked that the major-
ity rule for individuals with cyclic preference relations on three alternatives
yields a cyclic preference relation for the society. More general examples are
as follows: When the number of alternatives is 2r + 1 and the individual
preference relations consist of the class of asymmetric relations for which
every alternative is preferred over precisely r other alternatives, then when
we apply the majority rule with any odd number of individuals there is a
simple testable implication for the choice functions that arise: they are not
rationalizable.

4 Examples

4.1 A specific social choice function

Let z € X be a fixed alternative and let a and b be two fixed individuals.
Consider the following social choice function: ¢(S) = ¢,(S) if z € S and
c(S) = cp(S) ifz ¢ X. When A is the class of rationalizable choice functions
on Py(X) then the class of choice functions for the society is a somewhat
larger class A’. When the individual choices are from A’ then the social
choice will define a larger class A®). Define A() in a similar way. Theorem
2.1 implies (if k£ > 7,|X| —7) that .A(") is the class of all choice functions for
some 7. In this case, there is a direct proof (for every k).

Let R denote the class of rationalizable choice functions. The class R’
naturally occurs in certain economic contexts. In this case the choice is
according to one order relation for sets S that contain z and according
to another for sets S that do not contain z (see, Sen (1993) and Kalai,
Rubinstein and Spiegler (2001)). This class is quite limited so that the
conclusion of Conjecture B is violated, but so is the principal condition:
The social choice does depend on the choices of two individuals.



4.2 Social choice in median land

Consider a society in which the individuals have a “utility function” on
alternatives but rather than trying to maximize it they always choose the
“median” alternative. Thus, assume that every individual ¢ has a linear
ordering on a set X of alternatives. Given a non-empty subset S of odd
cardinality of X, the choice ¢;(S) of the i-th individual is the middle element
of S according to his order. This class of choice functions was considered in
Kalai, Rubinstein and Spiegler (2001).

Just like rationalized choice functions based on maximization, such “me-
dian” choice functions are based on an ordering of the alternatives, however
the two types of choice functions are very different. It is impossible to repre-
sent the median as maximization with respect to another ordering (revealed
preferences). How would theoretical economics and game theory look in a
society where choices are based on the median?

Shelah’s theorem shows that Arrow’s impossibility theorem can be ex-
tended. (when k > 7,|X|—7.) It would be interesting to find a simple proof
for this example which would also include the cases not covered by Shelah.
For the median choice it is not clear whether (IRA) is needed; (IIA) may
suffice.

4.3 Social choice for couples

Imagine a society that consists of couples. For a set S of alternatives a couple
chooses the most preferred element of S by one of its members. The class of
couples’ choices has testable implications when the number of alternatives is
four or more. (See Kalai, Spiegler and Rubinstein (2001).) Shelah’s theorem
asserts that there is no non-dictatorial social choice function for this class
of choice functions when the number of alternatives is 14 or more.

4.4 An example which demonstrates the connection between
the two conjectures

Conjectures A and B are related in the sense that they seem to express sim-
ilar mathematical phenomena ': Following is an example which concretely
demonstrates this connection:

Consider a non-dictatorial social choice function of the form ¢ = F(cy, ¢, c3).
We can use F' to define a social choice function F5 on nine individuals as

"However, the proofs of the two results are very different.



follows:
Fy(cy,...,¢c9) = F(F(c1,c2,c3), F(cq,cs5,c6), F(cr,cs,¢9))-

In a similar way, we can use F' to recursively define social choice functions
Fj, for 3 individuals as follows:

Fk(Cl,- .. ,C3k) =

= F(Fk_]_(C1, . ,C3k—1),Fk_1(03k—1+1, e ,Cz,3k—1),Fk_1(02,3k—1+1, . ,C3k)).

Now, suppose that F' enlarges every proper symmetric class of choice
functions A as asserted in Conjecture A. This implies that the class of choice
functions result from applying Fj 1 to the choices of a society of 3¥*! ratio-
nal individuals is strictly larger than the class of choice functions that result
from applying Fj; to the choices of a society of 3* rational individuals. It
follows that if & is very large, F}, will lead to all choice functions as asserted
in Conjecture B.

5 When rejected alternatives count

Assuming only the Independence of Irrelevant Alternatives without assum-
ing the Independence of Rejected Alternatives, the assertions of both Con-
jectures A and B do not hold. (Of course, when k£ = 2, namely when
we consider individual and social preference relations, (IIA) and (IRA) are
identical.)

The following example was suggested by Bezalel Peleg: Recall the fol-
lowing way to move from a preference relation to a choice function: Given
an asymmetric binary relation R on the set of alternatives, let ¢(S) be the
set of elements y of S such that the number of z € S such that yRz is
maximal. In other words, when we consider the directed graph described by
the relation we choose the vertices of maximal out-degree.

Let A denote the class of choice correspondences obtained from binary
relations R as we have just described. Consider also the class A’ of choice
functions obtained from A by choosing a single element in ¢(S) according
to some fixed order relations on the alternatives.

Now define a social choice function as follows: write aRb if a majority
in the society prefers a to b. Note that this rule produces a non-dictatorial
social choice and when the individual choices are in A, then so is the social
choice and similarly for A'.



In this case the social choice function does not satisfy (IRA): the social
choice of S does not depend only on the individual choices for .S but also on
the preferences among pairs of elements in S. For this social choice function
the assertions of both Conjectures A and B are violated.

A similar story can be told about the well-known Borda rule. For every
two alternatives a and b, let w(a, b) be the number of individuals ¢ that prefer
a on b (namely c¢;({a,b} = a). From this list of numbers create a choice
correspondence as follows: For a € S let u(a,S) )Y {w(a,s) : s € S and let
¢(S) be the elements of S for which u(a, S) is maximal. This is the Borda
rule and it is well known that when the individual choices are rationalizable
it leads to a class B of choice functions with testable implications. It is
proved in Kalai (2001a) that logB < N®. Using the Borda rule (as we
have described it), when the individual choices are in B this yields a choice
function for the society which is also in B.
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